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Abstnet. It is painted out lhal the Eckhaus nonlinear PDE 

iY, +I, +[Z(lYI’), +IY/*- V(x)]Y = 0 

remains C-integrable (i.e., integrable by a change of dependent variable) even in the 
presence of any given external potential V ( x ) .  

The Eckhaus nonlinear PDE 

i t ,  +\y, + [ 2 ( ~ ~ ~ 2 ) x + ~ t ~ 4 -  V ( x ) ] s  = 0 Y = Y (x, I) (1) 

is C-integrable, namely it can be linearized, and solved, by an appropriate change of 
dependent variable (see below). Hitherto this property had been noted and used in 
the case V ( x )  = 0 [I, 21; the main purpose of this letter is to point out that (1) remains 
C-integrable for any given choice of the real ’external potential’ V ( x ) .  This observation 
may be of some interest in view of the ‘universal’ character of the Eckhaus equation 
(see, for instance, [3]), as well as its relevance as a most convenient ‘theoretical 
laboratory’ suitable to exhibit the rich phenomenology associated with ‘solitonic’ 
nonlinear P D E ~  [I, 21. 

The linearizing transformation reads: 
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Here the real function a(r)  is arbitrary. In the special case in which Y(x, I) and 
p(x, t )  vanish (sufficiently fast) as x + --CO, to which our attention is hereafter confined, 
it is convenient to set a = --CO, so that the transformations (2) read simply 

with C a constant. Note that the linearizing transformation is independent of the 
external potential V(x) (provided it is real, as we are assuming), which only enters in 
the (linear) Schrodinger equation (5) satisfied by p(x, t ) .  

Let us  also note that the results written above would apply without modification 
even if the external potential V(x) were time-dependent. 

For the class of solutions that vanish (sufficiently fast) at both ends, the functions 
p(x, t )  and “(x, 1 )  can both be normalized by setting 

provided the constant C in (6) is constrained as follows: 

lcl2=2/(e2- I ) .  (76) 
As it is well known, for this class of solutions there holds, for the linear Schrodinger 

equation, the classical (Ehrenfest) theorems: 
t m  t m  

(d/dr) I_, d x x l d x ,  t)12=i I-m dx{dx ,  t)[pP,(x, t)l*-[rp(x, ~) I*VAX,  01 (80) 

( d / W 2  d x x l d x ,  [ ) I 2 =  -2 dx v J x ) l d x ,  t ) ! ’ .  (86) 

It is amusing to note that, for the Eckhaus equation ( l ) ,  the corresponding results 

+m +m I-, 

I-- 
read as follows: 

(d/dt) I-, dxxlWx, t)l’=i I-m dxW(x, Ol*-[Wx, [ ) l * P x k  t ) }  

(d/dt)’ I-, dxxlWx, t)I2 = -2 

+m +m 

(9a) 

+m +m tm 

dx V,(x)lY(x, f)12-2 dx[(lWx, t)lhXl2. 

(96) 

V(X) = x2 (10) 

In the special case corresponding to a harmonic oscillator potential 

the general solution of the Schrodinger equation ( 5 )  reads of course 
m 

q ( x ,  !)= 1 e”.ri.!x!exp[-fX2-i!2n+!!!! 
“ - 0  

where the Hermite polynomial H.(x) satisfies the ODE 

H.”(x)-ZxH~+2nH.(x)=O. 
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The corresponding general solution of the Eckhaus equation ( 1 )  is, of course, given 

Iq(x,  t ) I 2 =  c2,H2.(x) exp(-x2) (13) 

is time-independent, the corresponding (static) solution Y ( x ,  I )  has the same property, 
namely 

by (2b)  with (11).  In the special case in which c. = S,,, so that 

- 1  

lY(x, t)l ’= cZ,Hi(x)enp(-x’)[C’+ci i I m d y H i ( y )  exp(-y’)] (14) 

is also time-independent (this is clearly a general property). However, while in this 
case I&, t)I2 is symmetric in x, Iq(x, f ) 1 =  Iq(-x, t)l (see (13)), lY(x, I)l does not 
possess this property (see (14)). 

Let us also note that, while in the case of the harmonic oscillator potential (10) 
the mean value X ( t )  of the coordinate x with respect to the ‘wavefunction’ q(x, I ) ,  
satisfying the linear Schrodinger equation (5) (with (lo)), 

oscillates harmonically: 

(16) 

(as a well known general consequence of (86)), no analogous result holds for the mean 
value i ( t )  of x taken with respect to the ‘wavefunction’ Y ( x ,  1 )  satisfying the Eckhaus 
equation ( 1 )  (with (lo)),  

1 
2 

X ( t ) = X ( O )  cos(21)+-i(O) sin(2t) 

+m 

As a second example, let us mention the case 

V ( x )  = -2pS(x-a) 

with p a positive constant. It is then well known that the linear Schrodinger equation 
( 5 )  has one static normalized solution (‘bound state’), 

q(x,  r)=p1l2 exp[p(x-a)+ip2t] x < a  (1%) 

q(x,  t )  = pl/’ exp[ p (  a - x) +ipzt] (196) 

In this case the corresponding normalized static solution for Y can he explicitly 

x 3 a. 

evaluated: 

Y(x, t )  = pl/’ exp[p(x - a)+ip2t]/{C2+exp[2p(x -a ) ] } ’ / ’  x < a  (20a) 

~ ( x ,  t )  =pl”  exp[p(x - a ) + i p ’ t ] / [ ~ ~ + ~ - e x p [ 2 p ( a  -x)]]”~ x 3 a  (206) 

with the constant C satisfying (76). It is left as an amusing and instructing exercise 
for the diligent reader to generalize the results of [ l ]  in this case. 

Finally we note that the extension of the Eckhaus equation described in this letter 
is applicable, in obviously analogous manner, to other C-integrable equations, such 
as those discussed in [3] (see also [4,5]). 
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